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Ââåäåíèå

Ìíîãèå òåõíè÷åñêèå, ïðèðîäíûå è ýêîíî-
ìè÷åñêèå ñèñòåìû îáëàäàþò ñâîéñòâîì ïî-
ñëåäåéñòâèÿ, çàêëþ÷àþùåìñÿ â òîì, ÷òî áó-
äóùèå ñîñòîÿíèÿ çàâèñÿò íå òîëüêî îò íàñòî-
ÿùåãî, íî è îò ïðîøëîãî. Óæå äàâíî óñòà-
íîâëåíî, ÷òî íàëè÷èå ïîñëåäåéñòâèÿ íåîá-
õîäèìî ó÷èòûâàòü â ìîäåëÿõ ìåõàíè÷åñêèõ,
ôèçè÷åñêèõ, õèìè÷åñêèõ, áèîëîãè÷åñêèõ è
äðóãèõ ñèñòåì, ïðè ðåøåíèè çàäà÷ òåîðèè
óïðàâëåíèÿ, ìåäèöèíû, àòîìíîé ýíåðãèè, òå-
îðèè èíôîðìàöèè è ò.ä. Òàêîå øèðîêîå ðàñ-
ïðîñòðàíåíèå ïîñëåäåéñòâèÿ ÿâëÿåòñÿ îñíî-
âàíèåì ñ÷èòàòü åãî óíèâåðñàëüíûì ñâîéñò-
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âîì îêðóæàþùåãî ìèðà. À âñëåäñòâèå òî-
ãî, ÷òî â ñâÿçè ñ ðàñòóùèì ñïðîñîì íà áî-
ëåå òî÷íûå ïðîãíîçû, óïðàâëåíèå è ïðîèç-
âîäèòåëüíîñòü ñóùåñòâóåò áîëüøàÿ ïîòðåá-
íîñòü â òîì, ÷òîáû èñïîëüçóåìûå ìîäåëè êàê
ìîæíî òî÷íåå îïèñûâàëè ïîâåäåíèå ðåàëü-
íûõ ñèñòåì, åñòåñòâåíåí âûâîä î íåîáõîäè-
ìîñòè ó÷åòà ôàêòîðà çàïàçäûâàíèÿ â èìåþ-
ùèõñÿ è ðàçðàáàòûâàåìûõ ìîäåëÿõ ðàçëè÷-
íûõ ïðîöåññîâ.

Ñòîõàñòè÷åñêèå îáûêíîâåííûå äèôôå-
ðåíöèàëüíûå óðàâíåíèÿ (ÑÎÄÓ) ñ ïîñòîÿí-
íûì çàïàçäûâàíèåì è, â ÷àñòíîñòè, äèô-
ôåðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ (ÑÎ-
ÄÐÓ), ÿâëÿþòñÿ îáîáùåíèÿìè è äåòåðìè-
íèñòè÷åñêèõ óðàâíåíèé ñ ïîñòîÿííûì çà-
ïàçäûâàíèåì, è ñòîõàñòè÷åñêèõ îáûêíîâåí-
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íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÎÄÓ)
[1�4].

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò íåìà-
ëî îáëàñòåé èññëåäîâàíèé, êîòîðûå ñâÿçà-
íû ñ ïîèñêîì ñòàòèñòè÷åñêèõ õàðàêòåðè-
ñòèê ñëó÷àéíûõ ïðîöåññîâ, ÿâëÿþùèõñÿ ðå-
øåíèÿìè ñòîõàñòè÷åñêèõ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÔÄÓ),
ïîäêëàññîì êîòîðûõ ÿâëÿþòñÿ ÑÎÄÓ. Íî
ïîëó÷åíèå òàêèõ ðåøåíèé çàòðóäíåíî. Ïî-
ýòîìó àêòóàëüíîé çàäà÷åé ÿâëÿåòñÿ ðàçðà-
áîòêà ýôôåêòèâíûõ êàê ïðÿìûõ (ïîëó÷å-
íèå òðàåêòîðèé ðåøåíèé), òàê è êîñâåííûõ
(âåðîÿòíîñòíûõ õàðàêòåðèñòèê) ïðèáëèæåí-
íûõ ÷èñëåííûõ àëãîðèòìîâ àíàëèçà ñèñòåì
ÑÔÄÓ.

Ê íàñòîÿùåìó âðåìåíè ðàçðàáîòàí äî-
ñòàòî÷íî øèðîêèé êëàññ ìåòîäîâ ðåøåíèÿ
äåòåðìèíèðîâàííûõ ÔÄÓ, à òàêæå èõ ïðî-
ãðàììíûõ ðåàëèçàöèé, êîòîðûå âêëþ÷àþò
è ïðîöåäóðû èç ìàòåìàòè÷åñêèõ ïàêåòîâ
Maple, Matlab è Mathematica. Íà îñíîâå ýòèõ
ïðîöåäóð è ìåòîäîâ ÷èñëåííîãî ðåøåíèÿ
ÑÎÄÓ [5�9] èíòåíñèâíî ðàçâèâàþòñÿ ïðè-
áëèæåííûå àëãîðèòìû ïðÿìîãî ÷èñëåííîãî
èíòåãðèðîâàíèÿ ÑÔÄÓ ðàçëè÷íûõ êëàññîâ
[10�12] â ñâÿçêå ñ ïðîöåäóðàìè ñòàòèñòè÷å-
ñêîãî ìîäåëèðîâàíèÿ (ìåòîä Ìîíòå-Êàðëî,
ÌÌÊ) [13, 14] è äð. Íàïðèìåð, öåëüþ ïî-
ñòðîåíèÿ ÷èñëåííûõ èíòåãðàòîðîâ äëÿ ÑÎ-
ÄÓ, ÑÎÄÐÓ è äðóãèõ êëàññîâ ñòîõàñòè÷å-
ñêèõ óðàâíåíèé [5, 9] ÿâëÿåòñÿ âû÷èñëåíèå
(ïîñëå äèñêðåòèçàöèè ýòèõ óðàâíåíèé) ñ èñ-
ïîëüçîâàíèåì ÌÌÊ ñåòî÷íûõ ïðåäñòàâëå-
íèé {x̂k} (k = 1, 2, . . . , N) ìíîæåñòâà ðåàëè-
çàöèé x(t) âåêòîðà ñîñòîÿíèÿ ñèñòåìû â óç-
ëàõ ñåòêè, êîòîðûå ñëóæàò äëÿ îöåíêè âåðî-
ÿòíîñòíûõ õàðàêòåðèñòèê âåêòîðà X(t) íà
îñíîâå ìåòîäîâ ìàòåìàòè÷åñêîé è ïðèêëàä-
íîé ñòàòèñòèêè.

Íî ðàçëè÷íûå àëãîðèòìû, ïðåäíàçíà÷åí-
íûå äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ äàæå
ïðîñòåéøèõ ÑÄÐÓ, êàê ïðàâèëî, âåñüìà
ñëîæíû [15] è ïðåäíàçíà÷åíû òîëüêî äëÿ
ðåøåíèÿ äîñòàòî÷íî óçêèõ êëàññîâ çàäà÷.
Ïðè ýòîì äàæå àëãîðèòì îñíîâíîãî ìåòîäà �
øèðîêî èçâåñòíîé ñõåìû Ýéëåðà�Ìàðóÿìû
ñ ïîñòîÿííûì øàãîì, ïðèâîäÿùèé ê çíà-
÷èòåëüíûì îáúåìàì ðàñ÷åòîâ, ñóùåñòâåííî
ñëîæíåå ñâîåãî àíàëîãà, ïðåäíàçíà÷åííîãî
äëÿ àíàëèçà ÑÎÄÓ áåç çàïàçäûâàíèÿ [16].

Îòìåòèì òàêæå ñëåäóþùèå ìåòîäû è èõ
ìîäèôèêàöèè: èòåðàöèè Ïèêàðà [17]; ìå-
òîä ìíîãèõ ìàñøòàáîâ [18]; èñïîëüçîâàíèå
ðÿäîâ Òåéëîðà [19]; ñëàáóþ ñõåìó Ýéëåðà
[11]; íåÿâíûé ìåòîä Ýéëåðà äðîáíûõ øà-
ãîâ [20]; ïîëóíåÿâíûé ìåòîä Ýéëåðà [21];
ÿâíûé è íåÿâíûé ñèëüíûå ìåòîäû Ýéëå-
ðà ïîðÿäêà 0.5, ÿâíûé è íåÿâíûé ñèëü-
íûå ìåòîäû àïïðîêñèìàöèè Òåéëîðà ïîðÿä-
êà 1.0 [12]; ÿâíûå ñëàáûå ñõåìû âòîðîãî
ïîðÿäêà [22]; äâóõøàãîâûé ìåòîä Ìóðóÿ-
ìû [23]; ìíîãîøàãîâûå ìåòîäû Ìàðóÿìû
[24]; ñèëüíóþ ñõåìó Ìèëüøòåéíà ïîðÿäêà
1 [25]; ìåòîä ïðåäèêòîð�êîððåêòîð [26]; ìå-
òîä ïîëóäèñêåòèçàöèè [27]; θ-ìåòîä Ìèëü-
øòåéíà äðîáíûõ øàãîâ [28]; äâóõýòàïíûé
ìåòîä Ðóíãå�Êóòòû [29]; ñòàáèëèçèðîâàí-
íûå îðòîãîíàëüíûå ÿâíûå ìåòîäû Ðóíãå�
Êóòòû�×åáûø�åâà (RKC�SROCK) ñ ðàñøè-
ðåííûìè ñðåäíåêâàäðàòè÷íûìè îáëàñòÿìè
óñòîé÷èâîñòè, ïðèãîäíûå äëÿ ðåøåíèÿ æåñò-
êèõ çàäà÷ [30]; ìåòîäû Õîéíà è áàëàíñèðîâ-
êè [31]; ñõåìó ïðåäèêòîð-êîððåêòîð, ñðåäíåé
òî÷êè è ñõåìó, ïîäîáíóþ ìåòîäó Ìèëüøòåé-
íà, êîòîðàÿ ïîëó÷åíà íà îñíîâå àïïðîêñè-
ìàöèè Âîíãà�Çàêàè (Wong�Zakai) êàê ïðî-
ìåæóòî÷íîãî øàãà [32]; theta-ìåòîäû [33];
ñïåêòàëüíûå êîëëîêàöèè íà îñíîâå ïîëèíî-
ìîâ ×åáûø�åâà [34] è Ëåæàíäðà [35]; àïïðîê-
ñèìàöèè ðåøåíèé ÑÎÄÓñÇ â âèäå GARCH-
ìîäåëåé âðåìåííûõ ðÿäîâ [36] è äð.

Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííî-àíà-
ëèòè÷åñêàÿ ñõåìà âû÷èñëåíèÿ ìîìåíòíûõ
ôóíêöèé ñëó÷àéíîãî âåêòîðíîãî ïðîöåññà
X(t), ÿâëÿþùåãîñÿ ðåøåíèåì ñèñòåìû ÑÎÄ-
ÐÓ. Ñõåìà ñîñòîèò èç íåñêîëüêèõ ïîäñõåì è
âêëþ÷àåò àäàïòèðîâàííîå ñî÷åòàíèå ìåòîäà
øàãîâ è ðàñøèðåíèÿ ïðîñòðàíñòâà ñîñòîÿ-
íèé ñèñòåìû ÑÎÄÐÓ, ïðåâðàùàþùåå íåìàð-
êîâñêèé âåêòîðíûé ïðîöåññ â öåïî÷êó ìàð-
êîâñêèõ, ïðîöåäóðó ïîñòðîåíèÿ ðàñ÷åòíûõ
ôîðìóë äëÿ ïîëó÷åíèÿ çíà÷åíèé ìîìåíòíûõ
ôóíêöèé äëÿ âåêòîðîâ ñîñòîÿíèÿ óâåëè÷è-
âàþùåéñÿ ðàçìåðíîñòè íà çàäàííîé ñåòêå è
àëãîðèòì ïåðåñ÷åòà íà÷àëüíûõ óñëîâèé ïî
øàãàì äëÿ óêàçàííûõ ôóíêöèé.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó ÑÎÄÐÓ â ñìûñëå
Ñòðàòîíîâè÷à ñëåäóþùåãî âèäà:

dX(t) = f
(
X(t),X(t− τ), t

)
dt+
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+ G
(
X(t),X(t− τ), t)◦dW (t),

t0 + τ = t1 < t 6 T < +∞, (1.1)

ãäå t � âðåìÿ, t0 è T � íà÷àëüíîå è êîíå÷íîå
âðåìÿ, t0 < T < +∞; τ > 0 � ïîñòîÿííîå çà-
ïàçäûâàíèå; X(t) =

(
X1(t), X2(t), ..., Xn(t)

)
� âåêòîðíûé ñëó÷àéíûé ïðîöåññ, ïðåäñòàâ-
ëÿþùèé ñîñòîÿíèå ñèñòåìû. Íà÷àëüíîå óñ-
ëîâèå X0 =

(
X0

1 , X
0
2 , ..., X

0
n

)
� ãèëüáåðòîâ

ñëó÷àéíûé âåêòîð, ðàñïðåäåëåííûé ñîãëàñ-
íî ïëîòíîñòè âåðîÿòíîñòè p 0(x), x ∈ Rn. Åãî
âåêòîðîì ìàòåìàòè÷åñêèõ îæèäàíèé, êîâà-
ðèàöèîííîé ìàòðèöåé è öåíòðàëüíûìè ìî-
ìåíòàìè ÿâëÿþòñÿ ñîîòâåòñòâåííî m0

X =
E
[
X0

]
, K 0

XX = E
[
(X0 −m0

X)(X0 −m0
X)ᵀ

]
è µ0

Xα = E
[
(X0 −m0

X)α
]
(|α| > 2, r = n); α

(β, γ) � ìóëüòèèíäåêñ:

α = {α1, α2, ..., αr}, β = {β1, β2, ..., βr},

k1 α+ k2 β = {k1 α1 + k2 β1,

k1 α2 + k2 β2, ..., k1 αr + k2 βr},

ei = {δij}, j = 1, 2, ..., r, eij = ei + ej ,

zα = zα1
1 zα2

2 ... zαr
r ,

Cβ
α = Cβ1

α1
Cβ2
α2

...Cβr
αr
,

α∑
γ=β

hγ =

α1∑
γ1=β1

α2∑
γ2=β2

...

αr∑
γr=βr

hγ1γ2...γr ,

|β| = β1 + β2 + ...+ βr,

ãäå δij � ñèìâîë Êðîíåêåðà; Cq
s � ÷èñëî ñî-

÷åòàíèé. Âõîä {W (t) =
(
W1(t),W2(t), ...,

Wm(t)
)
, t > t0} ∈ Rm � âåêòîðíûé ñòàíäàðò-

íûé âèíåðîâñêèé ñëó÷àéíûé ïðîöåññ, êîòî-
ðûé ñîñòîèò èç íåçàâèñèìûõ êîìïîíåíò è
íå çàâèñèò îò X0. Îáîáùåííàÿ ïðîèçâîä-
íàÿ îò W (t) ïî t, îáîçíà÷àåìàÿ {Ẇ (t) =(
Ẇ1(t), Ẇ2(t), ..., Ẇm(t)

)
, t > t0}, � âåêòîð-

íûé ãàóññîâñêèé áåëûé øóì ñ íåçàâèñèìûìè
êîìïîíåíòàìè, òàêîé, ÷òî

E

[
Ẇ (t)

]
= 0,

E

[
Ẇ (t) Ẇ

ᵀ
(t′)

]
= Im δ0(t− t′).

f(·, ·, ·) = {fi(·, ·, ·)} : Rn × Rn × R 7→ Rn,
G(·, ·, ·) = {gij(·, ·, ·)} : Rn×Rn×R 7→ Rn×Rm

� äåòåðìèíèðîâàííûå âåêòîðíàÿ è ìàòðè÷-
íàÿ ôóíêöèè, äèôôåðåíöèðóåìûå íåîáõîäè-
ìîå ÷èñëî ðàç ïî âñåì ñâîèì àðãóìåíòàì, ñî-
îòâåòñòâåííî.

Áóäåì ñ÷èòàòü, ÷òî íà îòðåçêå (t0, t1] âåê-
òîð ñîñòîÿíèÿ X(t) óäîâëåòâîðÿåò ñèñòåìå
ÑÎÄÓ áåç çàïàçäûâàíèÿ:

dX(t) = f0

(
X(t), t

)
dt+

+G0

(
X(t), t

)
◦ dW (t), X(t0) = X0, (1.2)

ãäå f0(·, ·) = {f0i(·, ·)} : Rn × R 7→ Rn,
G0(·, ·) = {g0ij(·, ·)} : Rn × R 7→ Rn × Rm.

Âîïðîñ î ñóùåñòâîâàíèè è åäèíñòâåííî-
ñòè ñèëüíûõ è ñëàáûõ ðåøåíèé ñèñòåì òè-
ïà (1.1), (1.2) (â ñëó÷àå, êîãäà íà íà÷àëüíîì
ìíîæåñòâå [t0, t1] íåïîñðåäñòâåííî çàäàåòñÿ
âåêòîð X(t)) ðàññìàòðèâàëñÿ â ìîíîãðàôè-
ÿõ [2, 3].

Îòìåòèì, ÷òî âî ìíîãèõ çàäà÷àõ ñëó÷àè
çàäàíèÿ íà íà÷àëüíîì ìíîæåñòâå [t0, t0 + τ ]
âåêòîðà ñîñòîÿíèÿ X(t) â âèäå X(t) = X0

èëè X(t) = φ(t), ãäå φ(t) � çàäàííàÿ äå-
òåðìèíèðîâàííàÿ âåêòîðíàÿ ôóíêöèÿ, ìîæ-
íî ïðèâåñòè ê óêàçàííîé âûøå ñõåìå.

Ïðèíèìàÿ âî âíèìàíèå ïðåäûäóùèå
îïðåäåëåíèÿ è îáîçíà÷åíèÿ, ìîæíî êîíñòà-
òèðîâàòü, ÷òî ïðîáëåìà, ðåøàåìàÿ íèæå, çà-
êëþ÷àåòñÿ â ïîñòðîåíèè ñõåìû âû÷èñëåíèÿ
âåêòîð-ôóíêöèè ìàòåìàòè÷åñêèõ îæèäàíèé
mX(t) ≡ {mXi(t)} = E[X(t)] è ðàçëè÷íûõ
öåíòðàëüíûõ ìîìåíòíûõ ôóíêöèé µXα(t) =
E
[{
X(t)−mX(t)

}α]
, à â ÷àñòíîñòè, ìàòðè÷-

íîé ôóíêöèè êîâàðèàöèé

KXX(t) = {Kij(t)} ≡ E

[
X̊(t) X̊

ᵀ
(t)

]
,

X̊(t) = X(t)−mX(t),

äëÿ âñåõ t èç (t0, T ].

2. Óðàâíåíèÿ äëÿ ïëîòíîñòåé
âåðîÿòíîñòè ðàñøèðåííûõ âåêòîðîâ
ñîñòîÿíèÿ

Äëÿ ïîëó÷åíèÿ ïëîòíîñòè âåðîÿòíîñòè
p(X, t) ïðè ëþáîì t > t0 ðàñøèðèì ïðî-
ñòðàíñòâî ñîñòîÿíèé èññëåäóåìîé ñèñòåìû
(ñâåäÿ íåìàðêîâñêèé âåêòîðíûé ïðîöåññ ê
ìàðêîâñêîìó) [37,38]. Äëÿ ýòîãî ââåäåì ñëå-
äóþùèå îáîçíà÷åíèÿ:

s ∈ [0, τ ], tq = t0 + q τ,

q = 0, 1, 2, ..., N + 1, tN+1 > T,

∆q = (tq, tq+1], ∆q = [tq, tq+1], sq = tq + s,

pq(xq, s) = pX(xq, s+ tq),

pq(xq, 0) = pq−1(xq, τ), p0(x, 0) = p 0
X(x),
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f
(
Xq(s),Xq−1(s), sq

)
=

f
(
X(s+ tq),X(s+ tq−1), s+ tq

)
,

Xq(s) = X(s+ tq), Xq(0) = Xq−1(τ),

Y (s) = Y ≡ X0,

W q(s) = W (s+ tq), W q(0) = W q−1(τ),

V q(s) = V (s+ tq), V q(0) = V q−1(τ),

Z0(s) = col
(
Y (s),X0(s)

)
,

Z1(s) = col
(
Y (s),X0(s),X1(s)

)
≡

col
(
Z0(s),X1(s)

)
,

Z2(s) = col
(
Z1(s),X2(s)

)
, ...

(ñì. ðèñ. 1), ïðè÷åì p0(x0, 0) = p 0
X(x0), à

ðàâåíñòâî âåêòîðíûõ ñëó÷àéíûõ ïðîöåññîâ
ïîíèìàåòñÿ â ñìûñëå ñõîäèìîñòè ïî÷òè íà-

âåðíîå, è ïîñòðîèì öåïî÷êó óðàâíåíèé òèïà
ÔÏÊ äëÿ ïëîòíîñòåé ðàñïðåäåëåíèÿ âåêòî-
ðîâ Z0(s), Z1(s), Z2(s), ..., ZN (s), ïðèíàä-
ëåæàùèõ ñåìåéñòâó âëîæåííûõ ïðîñòðàíñòâ
ñîñòîÿíèÿ R2n ⊂ R3n ⊂ R3n ⊂ ... ⊂ Rn(N+2).
Öåëü ïîñòðîåíèÿ òàêîé öåïî÷êè � ïîëó÷èòü
ñîâìåñòíûå ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè
âåêòîðà ñîñòîÿíèÿ ïðè ðàçëè÷íûõ çíà÷åíè-
ÿõ âðåìåíè.

0°. Ðàññìîòðèì ïîëóèíòåðâàë ∆0 (ðèñ. 1).
Îïðåäåëåííûé íà ∆0 ñëó÷àéíûé âåêòîðíûé
ïðîöåññ Z0(s) óäîâëåòâîðÿåò ñèñòåìå ÑÎÄÓ
âèäà:

dY (s) = 0 ds, Y (0) = X0,

dX0(s) = f0

(
X0(s), s0

)
ds+

+ G0

(
X0(s), s0

)
◦ dW 0(s), X0(0) = X0.

Óðàâíåíèå Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà
(ÔÏÊ-óðàâíåíèå) è íà÷àëüíîå óñëîâèå äëÿ
îäíîòî÷å÷íîé ïëîòíîñòè ðàñïðåäåëåíèÿ
pZ0(z0, s) ðàñøèðåííîãî âåêòîðà Z0(s) èìå-
þò âèä:

∂pZ0

∂s
= L0

[
pZ0

]
≡ (2.1)

≡ 1

2

2n∑
i,j=1

∂2
(
b0ij pZ0

)
∂z0i ∂z0j

−
2n∑
i=1

∂
(
a0i pZ0

)
∂z0i

,

p0(x0,y, 0) = p 0(x0) δ(y − x0), (2.2)

ãäå

a0i = f+
0i +

1

2

2n∑
j=1

2m∑
k=1

∂g+0ik
∂z0j

g+0jk,

b0ij =
2m∑
k=1

g+0ik g
+
0jk,

f+
0 (z0, s) =

{
f+
0ℓ(z0, s)

}
=

[
On

f0(x0, s0)

]
,

G+
0 (z0, s) =

{
g+0ℓk(z0, s)

}
=

=

[
On×m 0

On×m G0(x0, s0)

]
.

Ïðè ýòîì îáîçíà÷èì âåêòîð êîýôôèöèåíòîâ
ñíîñà ÷åðåç a0 =

{
a0i

}
, ìàòðèöó êîýôôè-

öèåíòîâ äèôôóçèè � ÷åðåç B0 =
{
b0ij

}
(ïî-

äîáíûå îáîçíà÷åíèÿ èñïîëüçóþòñÿ è äàëåå),
à èñêîìàÿ ïëîòíîñòü âåðîÿòíîñòè p(x, t) ïðè
t ∈ (t0, t1] áóäåò ðàâíà p0(x, t− t0).

1°. Òåïåðü îáðàòèìñÿ ê ñåãìåíòàì ∆0 è
∆1. Ñèñòåìó ÑÎÄÓ äëÿ âû÷èñëåíèÿ âåêòî-
ðà Z1(s) ìîæíî ïðåäñòàâèòü â ñëåäóþùåì
âèäå:

dY (s) = 0 ds, Y (0) = X0,

dX0(s) = f0

(
X0(s), s0

)
ds+

+ G0

(
X0(s), s0

)
◦ dW 0(s), X0(0) = X0,

dX1(s) = f
(
X1(s),X0(s), s1

)
ds+

+ G
(
X1(s),X0(s), s1

)
◦ dW 1(s),

X1(0) = X0(τ).

Ïîýòîìó ïëîòíîñòü âåðîÿòíîñòè pZ1(z1, s)
ðàñøèðåííîãî âåêòîðà ñîñòîÿíèÿ Z1(s) áó-
äóò óäîâëåòâîðÿòü ÔÏÊ-óðàâíåíèþ âèäà

∂pZ1

∂s
= L1

[
pZ1

]
≡ (2.3)

≡ 1

2

3n∑
i,j=1

∂2
(
b1ij pZ1

)
∂z1i ∂z1j

−
3n∑
i=1

∂
(
a1i pZ1

)
∂z1i

,

p1(x1,x0,y, 0) =

= p0(x1,x0, τ) δ(y − x0), (2.4)

ãäå

a1i = f+
1i +

1

2

3n∑
j=1

3m∑
k=1

∂g+1ik
∂z1j

g+1jk,

b1ij =
3m∑
k=1

g+1ik g
+
1jk,

f+
1 (z1, s) =

{
f+
1ℓ(z1, s)

}
=

[
f+
0 (z0, s)

f(x1,x0, s1)

]
,
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È.Å. Ïîëîñêîâ

t0 t1 t2 t3 ... tN-1 tN tN+1

Δ0 Δ1 Δ2 ... ΔN-1 ΔN

X0(s)
X1(s)

X2(s)

...

XN-1(s)

XN(s)

Ðèñ. 1

G+
1 (z1, s) =

{
g+1ℓk(z1, s)

}
=[

G+
0 (z0, s) O2n×m

On×2m G(x1,x0, s1)

]
.

Ïîñëå âû÷èñëåíèÿ p1(x1,x0,y, s) ïëîòíîñòü
p(x, t) ïðè t ∈ (t1, t2] ìîæíî áóäåò îïðåäå-
ëèòü ïî ôîðìóëå

p(x, t) =

∫
R2n

p1(x,x0,y, t− t1) dx0 dy.

... ... ... ... ... ... ... ... ...

N°. Ðàññìîòðèì âðåìåíí�ûå ïîëóèíòåðâà-
ëû ∆0, ∆1, ..., ∆N . Ïîñòðîèì ñèñòåìó ÑÎÄÓ
äëÿ âåêòîðà ZN (s) â âèäå:

dY (s) = 0 ds, Y (0) = X0,

dX0(s) = f0

(
X0(s), s0

)
ds+

+ G0

(
X0(s), s0

)
◦ dW 0(s), X0(0) = X0.

dX1(s) = f
(
X1(s),X0(s), s1

)
ds+

+ G
(
X1(s),X0(s), s1

)
◦ dW 1(s),

X1(0) = X0(τ)

... ... ... ... ... ... ... ... ...

dXN (s)=f
(
XN (s),XN−1(s), sN

)
ds+

+ G
(
XN (s),XN−1(s), sN

)
◦dWN (s),

XN (0) = XN−1(τ).

Äëÿ ïëîòíîñòè ðàñïðåäåëåíèÿ pZN
(zN , s)

âåêòîðíîãî ÑÏ ZN (s) ìîæíî çàïèñàòü ñëå-
äóþùåå óðàâíåíèå:

∂pZN

∂s
= LN

[
pZN

]
≡ −

n (N+2)∑
i=1

∂
(
aNi pZN

)
∂zNi

+

+
1

2

n (N+2)∑
i,j=1

∂2
(
bNij pZN

)
∂zNi ∂zNj

, (2.5)

pN (xN , ...,x1,x0,y, 0) =

= pN−1(xN , ...,x1,x0, τ) δ(y − x0). (2.6)

Â ýòîì óðàâíåíèè êîýôôèöèåíòû ñíîñà è
äèôôóçèè èìåþò âèä:

aNi = f+
Ni +

1

2

n (N+2)∑
j=1

m (N+2)∑
k=1

∂g+Nik

∂zNj
g+Njk,

b+Nij =

m (N+2)∑
k=1

g+Nik g
+
Njk,

f+
N (zN , s) =

{
f+
Nℓ(zN , s)

}
=[

f+
N−1(zN−1, s)

f(xN ,xN−1, sN )

]
,

G+
N (zN , s) =

{
g+Nℓk(zN , s)

}
=[

G+
N−1(zN−1, s) On(N+1)×m

On×m(N+1) G(xN ,xN−1, sN )

]
.

Ïîñëå âû÷èñëåíèÿ ôóíêöèè pN íàõîäèì çíà-
÷åíèÿ èñêîìîé ïëîòíîñòè íà ïîëóèíòåðâàëå
(tN , tN+1] ïî ôîðìóëå

p(x, t) =

∫
RNn

pN (x,xN−1, ...,x1,x0,y, t− tN )×

×dxN−1 dx1 dx0 dy.

3. Ïîñòðîåíèå ðàñ÷åòíûõ ôîðìóë

Äëÿ òîãî ÷òîáû ïîëó÷èòü ðàñ÷åòíûå ôîð-
ìóëû äëÿ ìîìåíòíûõ ôóíêöèé ðàñøèðåí-
íûõ âåêòîðîâ ñîñòîÿíèÿ ïî ýòàïàì 0°, 1°,
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..., N°, ðàññìîòðèì ïðîèçâîëüíûé ýòàï, à ñî-
îòâåòñòâóþùèå âåëè÷èíû áóäåì îáîçíà÷àòü
÷åðòîé ñíèçó. Òîãäà íà ýòîì ýòàïå áóäåì
èìåòü ðàñøèðåííûé âåêòîð ñîñòîÿíèÿ Z(s)
= {Z i(s)} ∈ Rr, âåêòîð ôóíêöèé ìàòåìàòè-
÷åñêîãî îæèäàíèÿ mZ(s)=

{
mi(s)

}
≡E[Z(s)],

öåíòðàëüíûå ìîìåíòû µ
α
(s), ìàòðèöó ôóíê-

öèé êîâàðèàöèè KZZ(s) = {Kij(s)}, íà÷àëü-
íûé âåêòîð Z0=

(
Z0

1, Z
0
2, ..., Z

0
r

)
è åãî ìîìåí-

òû: öåíòðàëüíûå µ0
α
, ôóíêöèè ìàòåìàòè÷å-

ñêîãî îæèäàíèÿ m0
Z =

{
m0

i

}
≡ E

[
Z0

]
è êî-

âàðèàöèè K0
ZZ = {K0

ij}. ÔÏÊ-óðàâíåíèå è
íà÷àëüíîå óñëîâèå äëÿ ïëîòíîñòè ðàñïðåäå-
ëåíèÿ p(x, s) âåêòîðà Z(s) áóäóò èìåòü âèä:

∂p

∂s
= Lz,s

[
p
]
≡

≡ 1

2

r∑
i,j=1

∂2
(
bij p

)
∂zi ∂zj

−
r∑

i=1

∂
(
ai p

)
∂zi

, (3.1)

p (z, 0) = p 0(z), (3.2)

ãäå ai è bij � êîýôôèöèåíòû ñíîñà è äèôôó-
çèè, âû÷èñëÿåìûå ïî ôîðìóëàì Ñòðàòîíî-
âè÷à.

Ïðèìåíèì îáîáùåííûé ìåòîä èíòåãðàòî-
ðà [39, 40], êîòîðûé ïîçâîëÿåò ïðèáëèæåííî
àíàëèçèðîâàòü íåëèíåéíûå ñèñòåìû ñî ñëó-
÷àéíûì âõîäîì, íå ïðåäïîëàãàÿ, ÷òî ðàñïðå-
äåëåíèå âåêòîðà ñîñòîÿíèÿ áëèçêî ê ñîâìåñò-
íîìó ãàóññîâñêîìó ðàñïðåäåëåíèþ.

À èìåííî, äëÿ ïîñòðîåíèÿ ôîðìàëüíîé
àïïðîêñèìàöèè ðåøåíèÿ ÔÏÊ-óðàâíåíèÿ
(3.1) âîñïîëüçóåìñÿ êàêîé-íèáóäü ÷èñëåí-
íîé ñõåìîé äëÿ ðåøåíèÿ ÎÄÓ ïî âðåìåííîé
ïåðåìåííîé, íàïðèìåð êëàññè÷åñêîé ñõåìîé
Ðóíãå�Êóòòû ÷åòâåðòîãî ïîðÿäêà:

p̃
ℓ+1

= p̃
ℓ
+

hℓ
6

(
kℓ1 + 2 kℓ2 + 2 kℓ3 + kℓ4

)
,

ℓ = 0, 1, 2, ..., L− 1,

ãäå hℓ � øàã ñåòêè,

0 = τ0 < τ1 < ... < τL−1 < τL = τ,

hℓ = τℓ − τℓ−1, ℓ = 1, 2, ..., L,

max
ℓ

hℓ = h∗ � 1,

p̃
ℓ
� àïïðîêñèìàöèÿ p(z, s) ïðè s = τℓ, p̃0 =

= p 0(z),

kℓ1 = Lz,τℓ

[
p̃
ℓ

]
≡ L

+

ℓ

[
p̃
ℓ

]
,

kℓ2 = L
+

ℓ+ 1
2

[
p̃
ℓ
+

hℓ
2
kℓ1

]
≡

≡ L+

ℓ+ 1
2

[
p̃
ℓ

]
+

hℓ
2
L
+

ℓ+ 1
2

L
+

ℓ

[
p̃
ℓ

]
,

kℓ3 = L
+

ℓ+ 1
2

[
p̃
ℓ
+

hℓ
2
kℓ2

]
≡

≡ L
+

ℓ+ 1
2

[
p̃
ℓ

]
+

hℓ
2
L
+2
ℓ+ 1

2

[
p̃
ℓ

]
+

+
h2ℓ
4
L
+2
ℓ+ 1

2

L
+

ℓ

[
p̃
ℓ

]
,

kℓ4 = L
+

ℓ+1

[
p̃
ℓ
+ hℓ kℓ3

]
≡

≡ L
+

ℓ+1

[
p̃
ℓ

]
+ hℓL

+

ℓ+1L
+

ℓ+ 1
2

[
p̃
ℓ

]
+

+
h2ℓ
2
L
+

ℓ+1L
+2
ℓ+ 1

2

[
p̃
ℓ

]
+

h3ℓ
4
L
+

ℓ+1L
+2
ℓ+ 1

2

L
+

ℓ

[
p̃
ℓ

]
.

Îòñþäà ïîëó÷èì, ÷òî

p̃
ℓ+1

= L̃ℓ

[
p̃
ℓ

]
, (3.3)

ãäå

L̃ℓ = I +
hℓ
6

[(
L
+

ℓ + 4L+
ℓ+ 1

2

+ L
+

ℓ+1

)
+

+ hℓ
(
L
+

ℓ+ 1
2

L
+

ℓ + L
+2
ℓ+ 1

2

+ L
+

ℓ+1L
+

ℓ+ 1
2

)
+

+
h2ℓ
2

(
L
+2
ℓ+ 1

2

L
+

ℓ + L
+

ℓ+1L
+2
ℓ+ 1

2

)
+

+
h3ℓ
4
L
+

ℓ+1L
+2
ℓ+ 1

2

L
+

ℓ

]
. (3.4)

Äàëåå âîñïîëüçóåìñÿ ñîîòíîøåíèåì (3.3)
äëÿ îïðåäåëåíèÿ ìàòåìàòè÷åñêîãî îæèäà-
íèÿ íåêîòîðîé ôóíêöèè ϕ

(
Z(τℓ+1

)
:

E
[
ϕ
(
Z(τℓ+1)

) ]
≡

∫
Rr

ϕ(z) p(z, τℓ+1) dz ≈

≈ Ẽ
[
ϕ
(
Z(τℓ+1)

) ]
≡

∫
Rr

ϕ(z) p̃
ℓ+1

dz =

=

∫
Rr

ϕ(z) L̃ℓ

[
p̃
ℓ

]
dz =

∫
Rr

p̃
ℓ
L̃
∗
ℓ

[
ϕ(z)

]
dz =

= Ẽ

[
L̃
∗
ℓ

[
ϕ(z)

]∣∣∣
z=Z(τℓ+1)

]
,

ãäå L̃∗
ℓ � îïåðàòîð, ñîïðÿæåííûé ê L̃ℓ. Çàìå-

òèì, ÷òî ýòîò îïåðàòîð ôîðìèðóåòñÿ èç îïå-
ðàòîðîâ L∗

ℓ âèäà

L
+∗
ℓ ≡ L

∗
z,τℓ

[
·
]
= (3.5)

=
{1

2

n∑
i,j=1

bij
∂2

[
·
]

∂zi ∂zj
+

n∑
i=1

ai
∂
[
·
]

∂xi

}∣∣∣
s=τℓ
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è èìååò ñëåäóþùóþ ñòðóêòóðó:

L̃
∗
ℓ = I +

hℓ
6

[(
L
+∗
ℓ + 4L+∗

ℓ+ 1
2

+ L
+∗
ℓ+1

)
+

+ hℓ
(
L
+∗
ℓ L

+∗
ℓ+ 1

2

+ L
+∗2
ℓ+ 1

2

+ L
+∗
ℓ+ 1

2

L
+∗
ℓ+1

)
+

+
h2ℓ
2

(
L
+∗
ℓ L

+∗2
ℓ+ 1

2

+ L
+∗2
ℓ+ 1

2

L
+∗
ℓ+1

)
+

+
h3ℓ
4
L
+∗
ℓ L

+∗2
ℓ+ 1

2

L
+∗
ℓ+1

]
. (3.6)

Åñëè êîýôôèöèåíòû ÔÏÊ-óðàâíåíèÿ íå
çàâèñÿò îò âðåìåíè, òî âèä îïåðàòîðà L̃∗

ℓ ≡
≡ L̃

∗ áóäåò ñëåäóþùèì:

L̃
∗ = I +

hk
1!
L
∗+

+
h2ℓ
2!
L
∗2 +

h3ℓ
3!
L
∗3 +

h4ℓ
4!
L
∗4.

Ïîäñòàâëÿÿ ïåðåìåííûå zi, òðåáóåìûå
äëÿ ïîëó÷åíèÿ íåîáõîäèìûõ öåíòðàëüíûõ
ìîìåíòîâ íàáîð ïðîèçâåäåíèé (z − mℓ+1)

α,
ãäå 1 < |α| 6 M , α � ìóëüòèèíäåêñ, âìåñòî
ôóíêöèè ϕ(z) ïîëó÷àåì ñîîòíîøåíèÿ äëÿ
âû÷èñëåíèÿ ôóíêöèé ìàòåìàòè÷åñêîãî îæè-
äàíèÿ:

mℓ+1,i = Ẽ

[
L̃
∗
ℓ

[
zi
]∣∣∣

z=Z(τℓ+1)

]
(3.7)

è öåíòðàëüíûõ ìîìåíòîâ:

µ
ℓ+1,α

=

= Ẽ

[
L̃
∗
ℓ

[
(z −mℓ+1)

α
]∣∣∣

z=Z(τℓ+1)

]
. (3.8)

Äëÿ ïîëó÷åíèÿ çàìêíóòûõ ïðèáëèæåí-
íûõ ðàñ÷åòíûõ ôîðìóë íåîáõîäèìî ðàç-
ëîæèòü âûðàæåíèÿ â êâàäðàòíûõ ñêîáêàõ
ïðåäûäóùèõ ðàâåíñòâ â ðÿäû Òåéëîðà â òî÷-
êå m̃ℓ è îñòàâèòü ÷ëåíû ñî ñòåïåíÿìè íå âû-
øå N , ÷òî ïîçâîëèò âûðàçèòü òðåáóåìûå ìî-
ìåíòû âåêòîðà x ïðè s = τℓ+1 ÷åðåç öåí-
òðàëüíûå ìîìåíòû ýòîãî æå âåêòîðà ïðè
s = τℓ [41].

Ïîñòðîèòü ðàñ÷åòíûå ôîðìóëû ïðè ðå-
àëèçàöèè ìåòîäà ìîæíî ñ ïîìîùüþ êàêîé-
ëèáî èç ñîâðåìåííûõ êîìïüþòåðíûõ ñèñòåì
àíàëèòè÷åñêèõ âû÷èñëåíèé. Â ïðîöåññå òà-
êîãî ïîñòðîåíèÿ ñ öåëüþ ñîêðàùåíèÿ äëèí-
íûõ âûêëàäîê æåëàòåëüíî ïàðàëëåëüíî ïî-
ëó÷àòü ñîîòíîøåíèÿ ñðàçó äëÿ âñåõ íåîáõî-
äèìûõ ìîìåíòîâ.

4. Íà÷àëüíûå óñëîâèÿ ïî øàãàì

Èñïîëüçóÿ ñîîòíîøåíèÿ (3.7), (3.8), â
ïðèíöèïå ìîæíî âû÷èñëèòü çíà÷åíèÿ èñêî-
ìûõ ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê íà âû-
áðàííîé ñåòêå, íî äëÿ ïîëó÷åíèÿ çàìêíóòûõ
ðàñ÷åòíûõ ôîðìóë åùå íåîáõîäèìû âåëè÷è-
íû ýòèõ õàðàêòåðèñòèê ïðè s = 0 ïî øàãàì.

0°. Ðàññìîòðèì ïîëóèíòåðâàë ∆0 è ñðàâ-
íèì ñòðóêòóðû óðàâíåíèé (3.1), (3.2) è (2.1)
(2.2). Çàêëþ÷àåì, ÷òî äëÿ r = 2n ýòè ñèñòå-
ìû ïîäîáíû. Çàôèêñèðóåì íà÷àëüíûå óñëî-
âèÿ:

mZ0(0) =

[
m0

X

mX0(τ)

]
,

KZ0Z0(0) =

[
K0

XX K0
XX

K0
XX K0

XX

]

µZ0α0(0)=

∫
R2n

[
z0 −mZ0(0)

]α0 pZ0(z0, 0) dz0≡

≡
∫

R2n

(x0 −m0)αX0 (y −m0)αY ×

× p 0(x0) δ(y − x0) dx0 dy =

=

∫
Rn

(x0 −m0)αX0+αY p 0(x0) dx0=µ 0
X,αX0+αY

,

ãäå

α0 = 〈αX0, αY 〉 ≡

≡ {αX01, αX02, ..., αX0n, αY 1, αY 2, ..., αY n},

� ìóëüòèèíäåêñ (|α0| > 2).

1°. Òåïåðü îáðàòèìñÿ ê ñåãìåíòàì ∆0 è
∆1 è ñðàâíèì ñòðóêòóðû óðàâíåíèé (3.1),
(3.2) è (2.3) (2.4), êîòîðûå äëÿ r = 3n áóäóò
ïîäîáíû. Îïðåäåëÿåì íà÷àëüíûå óñëîâèÿ:

mZ1(0) =

 m0
X

m0
X

mX0(τ)

,

KZ1Z1(0)=

 K0
XX K0

XX KY X0(τ)

K0
XX K0

XX KY X0(τ)

KX0Y (τ) KX0Y (τ) KX0X0(τ)

,
µZ1α1(0)=

∫
R3n

[
z1 −mZ1(0)

]α1pZ1(z1, 0) dz1≡

≡
∫

R3n

[
x1 −mX0(τ)

]αX1 (x0 −m0)αX0×
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×(y −m0)αY pZ0(x1,x0, τ) δ(y − x0) dx1×

×dx0 dy =

=

∫
Rn

[
x1 −mX0(τ)

]α1 (x0 −m0)αX0+αY ×

×pZ0(x1,x0, τ) dx1 dx0 =

= µZ0,⟨αX1,αX0+αY ⟩(τ),

ãäå

α1 = 〈αX1, αX0, αY 〉 ≡ {αX11, ..., αX1n,

αX01, ..., αX0n, αY 1, ..., αY n}.

... ... ... ... ... ... ... ... ...

N°. Íà ïîñëåäíåì øàãå ðàññìàòðèâàþòñÿ
ïðîìåæóòêè âðåìåíè ∆0, ∆1, ..., ∆N ñðàâ-
íèì ñòðóêòóðû óðàâíåíèé (3.1), (3.2) è (2.5)
(2.6), êîòîðûå äëÿ r = n (N + 2) áóäóò ïî-
äîáíû. Èñïîëüçóåì íà÷àëüíûå óñëîâèÿ:

mZN
(0) =

[
mZN−1

(0)

mXN−1
(τ)

]
,

KZNZN
(0)=

[
KZN−1ZN−1

(0) KN12

KN21 KXN−1XN−1
(τ)

]
,

KN12 =


KY XN−1

(τ)

KY XN−1
(τ)

KX0XN−1
(τ)

...

KXN−21XN−1
(τ)

,

KN21 =
[
KXN−1Y (τ) KXN−1Y (τ)

KXN−1X0(τ) ... KXN−1XN−2
(τ)

]
,

µZNαN
(0) =

∫
Rn(N+2)

[
zN −mZN

(0)
]αN ×

× pZN
(zN , 0) dzN ≡

≡
∫

Rn(N+2)

[
xN −mXN−1

(τ)
]αXN ...

...
[
x1 −mX0(τ)

]αX1 (x0 −m0)αX0 ×

×(y −m0)αY pZN−1
(xN−1, ...,x1,x0, τ)×

× δ(y − x0) dxN−1 ... dx1 dx0 dy =

=

∫
Rn(N+2)

[
xN −mXN−1

(τ)
]αXN ...

...
[
x1 −mX0(τ)

]αX1 (x0 −m0)αX0+αY ×

×pZN−1
(xN−1, ...,x1,x0, τ) dxN−1 ... dx1 dx0=

= µZN−1,⟨αXN ,...,αX1,αX0+αY ⟩(τ),

ãäå

αN = 〈αXN , ..., αX1, αX0, αY 〉.

Çàêëþ÷åíèå

Ðàññìîòðåííûé ÷èñëåííî-àíàëèòè÷åñêèé
àëãîðèòì ìîæåò ïðèìåíÿòüñÿ êàê ñ ïîñòî-
ÿííûì, òàê è ñ àâòîìàòè÷åñêè âûáèðàåìûì
øàãîì.
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Numerical-analytical scheme for calculating
the moment characteristics of the state vector
of a stochastic di�erential-di�erence system
I. E. Poloskov
Perm State University; 15, Bukireva st., Perm, 614990, Russia
polosk@psu.ru; (342) 239 65 60

The paper is devoted to numerical-analytical scheme for calculating the moment
functions of a random vector process that is a solution of the system of stochastic
ordinary di�erential-di�erence equation (SODRE). The scheme consists of several
subschemes and includes the adapted combination of the method of steps and expan-
sion of the state space of the SODRE system, which transforms a non-Markov vector
process into a chain of the Markov processes, a procedure for constructing calculation
formulae for obtaining values of moment functions for state vectors with increasing
dimension on a given grid, and an algorithm for recalculating the initial conditions
step by step for the speci�ed functions.

Keywords: dynamic system; stochastic ordinary di�erential-di�erence equation; cons-
tant delay; modeling.
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